A MODEL FOR THE QUASI-STATIC GROWTH 
OF BRITTLE FRACTURES BASED ON LOCAL MINIMIZATION 



GIANNI DAL MASO AND RODICA TOADER 



Abstract. We study a variant of the variational model for the quasi-static growth of 
brittle fractures proposed by Francfort and Marigo in [9] . The main feature of our model 
is that, in the discrete-time formulation, in each step we do not consider absolute mini- 
mizers of the energy, but, in a sense, we look for local minimizers which are sufficiently 
close to the approximate solution obtained in the previous step. This is done by intro- 
ducing in the variational problem an additional term which penalizes the L 2 -distance 
between the approximate solutions at two consecutive times. We study the continuous- 
time version of this model, obtained by passing to the limit as the time step tends to 
zero, and show that it satisfies (for almost every time) some minimality conditions which 
are slightly different from those considered in [9] and [8], but are still enough to prove 
(under suitable regularity assumptions on the crack path) that the classical Griffith's 
criterion holds at the crack tips. We prove also that, if no initial crack is present and 
if the data of the problem are sufficiently smooth, no crack will develop in this model, 
provided the penalization term is large enough. 
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In this paper we present a variational model for the irreversible quasi-static growth of 
brittle fractures in the two-dimensional antiplane case, subject to a time dependent boundary 
displacement. The reference configuration is a bounded Lipschitz domain Q of the plane, 
whose boundary <9f2 is divided into two disjoint locally connected subsets d^Q and d^fl, 
where we prescribe a nonhomogeneous Dirichlet condition and a homogeneous Neumann 
condition, respectively. According to Griffith's theory, the energy considered in the model 
is given by 



where the compact set if C O represents the crack in the reference configuration, the 
scalar function u represents the displacement orthogonal to the plane of VL, and H 1 is the 
one-dimensional Hausdorff measure. 

For technical reasons, due to the behaviour of the solutions of Neumann problems in 
domains with cracks (see [3], [8]), we impose an a priori bound on the number of connected 
components of K . 

Given a time dependent energy functional T(z,t), defined for z in a Banach space Z 
and for t £ [0,T] , a quasi-static evolution corresponding to J 7 is a function 1 1— > z(t) which 
satisfies the equality W z !F(z(t), t) — for every t £ [0, T) . A standard way to obtain this 
function is by singular perturbation. We consider the £-gradient flow 
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(1.1) 




(1.2) 



ez e {t) + \7 z F(z e (t),t) = 0, 
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starting from a local minimizer zq of 0) . Under suitable assumptions on T the solutions 
z £ (t) converge, as e — > 0, to a function z(i) which satisfies the equation 

(1.3) V,.F(*(t),t)=0; 

moreover, due to the choice of the sign in (1.2), it turns out that z(t) is a local minimizer 
of F(-,t) for a generic t <= [0, T] . 

Heuristically, the potential well of .F(-,0) corresponding to z will be slightly deformed 
for t small, and the solution z(t) of (1.3) obtained by this approximation method follows 
the local minimizer of the deformed potential well. It may happen that for some critical 
value to this potential well disappears, and for this special time z(t ) will be only a critical 
point of T{-,to)\ in general, in this case z(t) is discontinuous at to and jumps to another 
point z(to+), which is a local minimizer of JF(-,t ); the evolution continues then in this 
new potential well. By a simple rescaling argument we see that z(t +) can also be obtained 
from z(to) by solving the gradient flow (1.2) with e = 1 and with initial conditions close to 
z(to) , and taking then the limit as t — > +oo . 

We want to adapt these ideas to the case of the energy (1.1) with the time dependent 
Dirichlet boundary condition u(t) = g(t) on dn^\K(t) and with initial condition (uo,Ko). 
We assume that g(t) is the trace on <9dS1 of a function of H 1 ^) , still denoted by g(t) , and 
that the map 1 1-» g(t) belongs to AC([0, T}; H 1 ^)) n L°°([0, T]; L°°(n)) . 

Since we are looking for equilibria, it is natural to assume that u minimizes 

f \\7u\ 2 dx 
Jn\K a 

among all functions u € H 1 (fl\K ) with u = g(0) on Od^\K . 

The main difficulty in the definition of the e -gradient flow for (1.1) is that this energy it is 
neither differentiable nor convex, due to the presence of the term H}(K), and therefore we 
can not rely on a notion of (sub)differential. Following [2] and [6], we define the £ -gradient 
flow of the energy (1.1) using an approximation by a discrete-time process based on an 
implicit scheme. 

Let us fix an integer m > 1 and let /C m (f2) be the set of all compact subsets K of £1 
with at most m connected components and with Ti}(K) < +oo. We consider also the set 
K,' m {Q) of all K <E K. m (Q) without isolated points, and we assume that the initial crack K 
belongs to JC' m (fl) . 

Given the time step S > 0, for any integer i > let tf :— iS , and, for tf < T , let 
gf := g(tf). We define {uf, Kf) inductively as follows: {u e ' S ,K £ /) := (uo,K ); for i > 1 
we define (u1' S , K^' S ) as a solution of the minimum problem 

(1.4) min^K^ + IHn-n^ll 2 }, 

(u,K) 

where || • || denotes the L 2 -norm in SI, and the minimum is taken over all pairs (u,K) 
such that K e JC' m (ty, K D K-^ , u € iJ 1 (^\^), u = gf on d D ^\K . The constraint 
K D reflects the irreversibility of the fracture process. 

We define now the step functions u £ ' S (t) and K £ ' S (t) on [0,T] by setting u £ ' S (t) := u^' S 
and K e ' s {t) := K £ / , for tf < t < tf +1 . 

The limit (u £ (t), K £ {t)) of (u e < 5 (t),K s < 5 (t)) along a suitable sequence 5 k -» is by defi- 
nition the e-gradient flow for the energy (1.1). In order to obtain the quasi-static evolution 
for this energy by the singular perturbation approach, we should consider now the limit of 
(u £ (t), K £ {t)) as e — > along a suitable sequence. This can be done, but we are not able to 
prove satisfactory properties of the limit evolution process (u(t),K(t)) . 

Therefore we prefer to consider a variant of the singular perturbation method. We study 
the limit of (u £ - s (t), K £ - s (t)) as e and S tend to zero simultaneously, with e proportional 
to S. In particular, given A > 0, we assume that the coefficient e/S which appears in (1.4) 
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is equal to A. As e — X5, wc can use the simplified notation uf := u1' S and Kf := K^' S . 
Note that (uq,Kq) := (u ,K ) and for every i > 1 (uf,Kf) is a solution of the minimum 
problem 

(1.5) min {E^^ + XWu-uUf}, 

(u,K) 

where the minimum is taken over all pairs (u, K) such that K G JC' m (Q) , K D Kf-i, 

ueif'^/r), « = fff on d D n\K. 

The term containing A is the main difference with respect to the discrete-time formulation 
of the model proposed by Francfort and Marigo in [9] , which corresponds to the case A = . 
The fact that A is greater than penalizes the L 2 -distance between uf and uf_ l and avoids 
some unnatural jumps which may occur in the continuous-time formulation for A = 0. In a 
sense, when A is large, local minimizers (close to uf_i) are preferred to global minimizers. 

We introduce as before the piecewise constant interpolation (u s (t), K s {t)) defined by 
u s (t) := uj and K 5 {t) := Kf , for tf < t < tf +1 . 

We prove (Lemma 4.5) that there exists a left-continuous increasing function K : [0, T] — > 
)C m (Cl) such that for every t € [0,T] , with 

K(t)=K(t+) :=a> t 

K s (t) converges to K(t) as 5 — > along a suitable sequence independent of t. In the rest 
of this discussion we always refer to this sequence when we write 8 — ► . 
For every t £ [0,T] let u(t) be a minimizer of 

(1.6) / \Vu\ 2 dx 

Jn\K(t) 

among all functions u £ H 1 (S}\K(t)) with u = g(t) on dD&\K(t) . We prove (Lemma 4.8) 
that 

(1.7) E(u{t),K{t)) < E(u, K) + A ||u - u(t)\\ 2 

for every < t < T, for every K e /C m (0) with X D ^(t), and for every u e i/ 1 (fi\if) 
with u = g(t) on do^\K . Moreover we prove (Lemma 4.9) that 

(1.8) E(u{t),K(t))-E(u{s),K(s))<2 [ f Vii(r)Vg(r) dxdr , 

JQ.\K(t) 

where 5(f) is the time derivative of the function g(t) . 

This inequality shows that t 1— » E(u(t), K(t)) is a function with bounded variation and 
that 

^-E(u{t),K(t)) < 2 / Vu{t)Vg(t)dx 
dt Jn\K(t) 

for a.e. i e [0, T] (Remark 3.5), and this leads to the existence of a function uj(s, t) , defined 

for < s < t < T, with 

lim = for every t G (0, T) , 

s^t- t — 3 

such that for a.e. t € [0, T] and every s < t we have 

(1.9) E{u{t),K(t)) < E{u, K{s)) + w(s, i) 

for every u G i/ 1 (il\i^(s)) with m = g(t) on do^\K{s) (Proposition 3.6 and Remark 3.7). 

The minimality properties (1.7) and (1.9) are used in Section 6 to prove that the classical 
Griffith's criterion holds at the crack tips for a.e. t € [0, T] , provided K(t) satisfies suitable 
regularity conditions. 

The fact that A > in (1.5) leads to an additional condition on the possible dis- 
continuites of (u(t),K(t)). For every t € [0,T), for every K e JC m (fl) , and for every 
u G H 1 (Q\K) with u = g(t) on 8dQ,\K , we determine a set 72.* (u, -K") (Definitions 3.1 
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and 3.2), depending on the boundary condition <?(•), such that for every t £ [0, T) we have 
(u(t+),K(t+)) £ TZ 1 (u(t),K(t)), where u(t+) is a minimizer of (1.6) with K(t) replaced 
by K(t+) (Lemmas 4.10 and 4.11). In Section 5 we show that, if f2 and g(t) are sufficiently 
regular and no initial crack is present, i.e., K = 0, then, for A large enough, no crack 
will appear, i.e., K(t) = for every t £ [0, T] , and ft*(u(t),0) = {(u(t),0)}. Note that 
the model by Francfort and Marigo [9], based on global minimization, gives, in general, a 
different result. 

2. NOTATION AND PRELIMINARIES 

Throughout the paper Q is a fixed bounded connected open subset of R 2 with Lipschitz 
boundary. Let /C(Q) be the set of all compact subsets of O. Given an integer to > 1, let 
K, m (Q) be the set of all compact subsets K of Q with at most to connected components 
and such that H 1 (-ftT) < +oo. We shall consider also the set JC' m (Q) of all K £ K, m {Q) 
without isolated points. 

We recall that the Hausdorff distance between K\, K% £ /C(Q) is defined by 

dn(Ki, K 2 ) := max { sup dist(x, K 2 ), sup dist(y, ifi)} , 

with the conventions dist(a;,0) = diam(fi) and supO = 0, so that dn(0,K) = if 
K = 0, and d H (0,K) = diam(ft) if K ^ 0. We say that K n -> if in the Hausdorff 
metric if dn{K n , K) — ► 0. The following compactness theorem is well-known (see, e.g., [13, 
Blaschke's Selection Theorem]). 

Theorem 2.1. TTie metric space (/C(0),dij) is compact. 

It is well-known that, in general, the Hausdorff measure is not lower semicontinuous on 
/C(f2) with respect to the convergence in the Hausdorff metric. The following result, which is 
a consequence of the Golab theorem, shows that on the class /C m (fi) the Hausdorff measure 
is lower semicontinuous. We refer to [8, Corollary 3.3] for a proof. 

Theorem 2.2. Let K n be compact sets in with a uniformly bounded number of connected 
components. If K n converge to K in the Hausdorff metric, then 

HHK DU)< liminf H x (K n n U) 

n^oo 

for every open set U C M 2 . 

In the rest of the paper 9f2 is the union of two (possibly empty) disjoint sets dn^ 
and d/vfi, with a finite number of connected components, on (part of) which we impose 
a nonhomogencous Dirichlet boundary condition and a homogeneous Neumann boundary 
condition, respectively. 

Given a function u € H 1 (£l\K) for some K £ /C(f2), we always extend u and Vu to 

by setting u = and Vu = a.e. on K . Note that, however, Vw is the distributional 
gradient of u only in Q\K , and, in general, Vu docs not coincide in SI with the gradient 
of an extension of u. 

For every K £ /C(f2) we consider the space 

H^(n\K,d D n\K) := {u £ ii 1 (f7\if) : u = on d D Q\K} , 

where the equality on the boundary is intended in the sense of traces. The following definition 
reformulates in our particular case a general notion of convergence studied by Mosco in [12]. 

Definition 2.3. Let K n ,K £ /C(Q) . We say that the spaces H(j(Q,\K n ,dDQ\K n ) con- 
verge to the space Hq(Q\K, dn^\K) in the sense of Mosco if the following properties hold: 

(Mi) for every u £ Hq(H\K ,8d^\K) there exists u n £ Hl{n\K n ,dD^\K n ) such that 
u n — > u strongly in L 2 (Q) and Vii„ — > Vu strongly in L 2 (Q;R 2 ); 
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(M 2 ) if u„ e HQ(Q\K n ,dD^t\K n ) for every n and liminf n ||u n ||.ff 1 (fi\.K n ) < +00, then 
there exist a subsequence u nk and a function u G Hq(Q\K, dn^\K) such that u nk ^-u 
weakly in L 2 (fl) and Vw nfc ^Vw weakly in L 2 (fl;M. 2 ). 

The following theorem shows the connection between Mosco convergence of the spaces 
Hq (Q\K n , drjCl\K n ) and convergence in the Hausdorff metric of the sets K n . 

Theorem 2.4. Let K ni K be compact sets in Q, with a uniformly bounded number of con- 
nected components, such that K n — > K in the Hausdorff metric and meas(_ft'„) — > mcas(_ft') . 
Then HQ(fl\K n ,dD^\K n ) converges to HQ(il\K,dD^t\K) in the sense of Mosco. 

Proof. Under these hypotheses Bucur and Varchon proved in [4] the Mosco convergence of 
H 1 (Q\K n ) to H 1 (Q\K) . The extension to the case when boundary conditions are imposed 
is due to Chambolle [5] (see also [7, Theorem 6.3]). □ 

Throughout the paper A is a fixed constant, with A > 0. We use the notation (-|-) and 
|| • || for the scalar product and the norm in L 2 (Vl) or in L 2 (Q; W 2 ) , according to the context. 
We have often to minimize energies of the form (1.1) among pairs (u, K) , where K <G JC m (SY) 
and u e H 1 (fl\K) , with a prescribed boundary condition u = on do^\K . We prefer to 
minimize first with respect to u and then with respect to K . This leads to the following 
definitions. 

Definition 2.5. If K £ /C m (Q) for some ra > 1, 0e ff 1 ^^) nL°°(n) , and w e L 2 {Q), 
we define 

(2.1) £(<P,K):= min {|| Wv\\ 2 + H^K)} , 

vGV(<f>,K) 

(2.2) £ A (0, K, w) := min {|| Vv\\ 2 + H\K) + A || v - w\\ 2 } , 

veV(4>,K) 

where 

(2.3) V(<p,K):={veH 1 (n\K):v = (f> on d D Vl\K} . 

Remark 2.6. By minimality, a solution u of (2.1) satisfies the inequality ||Vu|| 2 < ||V0|| 2 . 
A truncation argument shows that there exists a minimizing sequence u n of (2.1) such 
that ||m„||oo < |j 0|| 00 , where || • denotes the norm in L°°(Q). By the direct method 
of the calculus of variations we can then prove that there exists a solution u of (2.1) with 
IMIoc < Halloo • It is easy to see that the solution is unique on the connected components of 
tt\K whose boundaries meet do^\K , while on the other connected components it is given 
by an arbitrary constant. This shows that two solutions have the same gradient. If u is a 
solution of the minimum problem (2.1), then £\{4>, K, u) = £(4>, K) . 

Remark 2.7. By minimality, the solution u of (2.2) satisfies || Vw|| 2 + A ||m-w|| 2 < ||V0|| 2 + 
A ||0 — w\\ 2 . liw belongs to L°°(fl) , then an easy truncation argument shows that u belongs 
to L°°(Q) and \\u\loo < max-dl^H^ , ||to||oo} • 

Remark 2.8. If w is constant on a connected component U of £l\K whose boundary does 
not meet 8d^\K, then the minimizer u of (2.2) coincides with w on U. Therefore the 
value £\{4>, K, w) does not depend on the constant value of w on U . 

Remark 2.9. A function u is a minimizer of (2.1) if and only if 

' Au = in fl\K, 

(2.4) i |f= ond N nuK, 

u — 4> on dn^t\K , 
i.e., u satisfies the following conditions 

r u-4>eH&(n\K,d D n\K), 
^ 2 ' 5 ^ I (Vw|Vw) = o v« e H^(n\K,d D n\K). 
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Similarly, u is the minimizer of (2.2) if and only if u is the solution of the problem 

Au = \(u — w) in Cl\K, 

§^=0 ond N Cl(JK, 

u = <fi on doCl\K , 
i.e., u satisfies the following conditions 

u-cfieH£(Cl\K,d D Cl\K), 

(Vu|Vt>) + X(u- w\v) =0 Vv e H^(n\K,d D n\K). 



(2.6) 



(2.7) 



This implies that, if the minimizer u of (2.2) is equal to w, then u is also a minimizer 
of (2.1). 

We consider now the stability of the solutions to problems (2.1) and (2.2) when <fi, K , 
and w vary. 

Theorem 2.10. Let m > 1, and let <fi n , cfi e i? 1 ^) n £°°(fi), if„, K e /C m (ft) ; and 
io n , w € L 2 (f2). Le£ tin u ^ e ^ e solutions of the minimum problems (2.2) which 

define £\((fi n , K n ,w n ) and £\((fi,K,w) , respectively. Assume that <fi n ^(fi weakly in H 1 ^), 
K n — > K in the Hausdorff metric, and w n ^-w weakly in L 2 (Cl). Then u n ^u weakly in 
L 2 (Ct), Vu„^V« weakly in L 2 (Ct;R 2 ), and 

(2.8) £\(<j>,K,w) < liminf £ x ((fi n ,K n ,w n ) . 

h^oo 

If <fi n and w n are uniformly bounded in L°°(Q) and <fi n — > <fi strongly in i? 1 (fi), then 
u n — > u strongly in L 2 (d) and Vu„ — > V« strongly in L 2 (Cl; R 2 ) . 

Proof. By Remark 2.7 the norms ||un||j? 1 (n\jf n ) are uniformly bounded. By Theorem 2.4 
there exists w* e H 1 (Cl\K), with u* = on doCl\K , such that, up to a subsequence, 
u n ^u* weakly in L 2 (S!) and V«„^Vk* weakly in L 2 (f2;R 2 ). By (2.7) we have 

(2.9) (Vw„|Vu„) + X(u n - w n \v n ) = 

for every v n e H^(Cl\K n , d D Cl\K n ) . If u e H^(Cl\K, d D Cl\K) , by Theorem 2.4 there 
exist i)„ € (f2\if , d£,Q\K n ) such that w„ — ► w strongly in L 2 (51) and Vw n — ► Vw 
strongly in L 2 (0;M 2 ), and passing to the limit in (2.9) we obtain that u* is a solution of 

(2.7) . By uniqueness, u* — u, and the convergence holds for the whole sequence. Inequality 

(2.8) follows now by lower semicontinuity (Theorem 2.2). 

Assume that cfi n and w n are uniformly bounded in L°°(Cl) . Then the same is true for the 
solutions u n (Remark 2.7). To prove the strong convergence in L 2 (Cl) of u n , let U CC Cl\K 
be an open set with boundary of class C 1 . As K n — > if in the Hausdorff metric, we have 
[/ CC Cl\K n for n large enough. Since u n is bounded in -ff 1 (C/) uniformly with respect 
to n (Remark 2.7), by the Rellich theorem u n — > w strongly in L 2 (U). As the functions « n 
are uniformly bounded in L°°(f2) , the norms ||wn||L 2 (si\[/) can be made arbitrarily small by 
taking U arbitrarily close to Ct\K . Therefore u n — > u strongly in L 2 (Ci). 

If, in addition, <f> n — > cfi strongly in iJ 1 (fi), taking v n := m„ — n as test function in 

(2.9) we can easily prove that ||Vu„|| — > ||Vu|| , which implies the strong convergence of the 
gradients. □ 

The following corollary will be used in Section 4. 

Corollary 2.11. Let m > 1, and let <p n , <fi e H 1 (Ct) n L°° (Ct) , K n , K e /C m (H), and w n € 
L°°(Q) . Le£ u n 6e f/ie solutions of the minimum problems (2.2) which define £\(<fi n , K n , w n ) , 
and let u be a solution of the minimum problem (2.1) which defines £(<fi,K). Assume that 
(fi n and w n are uniformly bounded in L°°(Ct) , and that <fi n — > <f> strongly in i? 1 (fi) , K n — * K 
in the Hausdorff metric, and u n — w n — > strongly in L 2 (Cl) . Then Vu„ — ► Vw strongly 
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in L 2 (Q;R 2 ). Moreover there exist a subsequence u nk of u n and a solution u* of the min- 
imum problem (2.1) which defines £(<f),K) (possibly different from u) such that u nk — > u* 
strongly in L 2 (fl) . 

Proof. As w n is bounded in L°°(Q) , there exists a subsequence w nk which converges weakly 
in L 2 {Q) to a function w . Let u* be the solution of the minimum problem (2.2) which defines 
£\((f), K,w) . By Theorem 2.10 we have u nk — ► u* strongly in L 2 (f2) and Vw„ fc — > Vu* 
strongly in L 2 (£1;R 2 ). As u„ — w n — ► strongly in L 2 (f2), the functions u* and to are 
equal. By Remark 2.9 this implies that u* is a solution of the minimum problem (2.1) 
which defines £{(f>,K), and by the uniqueness of the gradients we have Vu = Vu* a.e. in 
ft. Since we can repeat this argument for an arbitrary subsequence, we conclude that the 
whole sequence Vu„ converges to Vu strongly in L 2 (fl; R 2 ) . □ 

3. IRREVERSIBLE QUASI-STATIC EVOLUTION 

In this section we define a continuous-time evolution of a cracked body by investigating 
the properties of the limits of the discrete-time evolution described in the introduction. 
Let us fix the boundary displacement g e AC([0, T]; H 1 ^)) n L°°([0, T]; L°°(fi)) and 



an integer m > 1 . Given an initial crack i4f € /C^ (O) , we shall construct an increasing 
function K : [0,T] — > /C m (fi) satisfying suitable minimality conditions. We define 

(3.1) :=cl(U s<t ^(s)) forO<i<T, 

(3.2) n s>t #(s) forO<t<T, 

where cl denotes the closure. We say that t K{t) is left-continuous if K(t—) = K(t) for 
every t £ (0, T] . It is easy to see that 

(3.3) if(i-) C if(t) C K(t+) for < t < T , 

(3.4) K(t-) = cl( U s<t ^(s-)) for < t < T , 

(3.5) K(t+) =f) s>t K(s+) forO<t<T. 



Let 6 be the set of points t e (0,T) such that if(t-) = By [8, Theorem 6.1] the 

set [0,T]\O is at most countable. 

For every t € [0, T] let (resp. u(t—), u(t+)) be a solution of the minimum problem 
(2.1) corresponding to <j> = g(t) and K = K(t) (resp. K = K(t-), K = K(t+)). By 
Remark 2.6 ||Vu(t)|| is bounded uniformly with respect to t. By [8, Theorem 5.1] and by 
(3.1) and (3.2), 

(3.6) for < t < T Vu(s) -» Vtt(t-) strongly in L 2 (rj; R 2 ) ass^t-, 

(3.7) for < t < T Vu(s) -» Vtt(i+) strongly in L 2 (0; R 2 ) as s -» t+ . 

This implies in particular that t \7u(t) is continuous from [0, T] into L 2 (f};R 2 ) at every 
point t e 6 . Therefore the first estimate of Remark 2.6 implies that 

(3.8) th->Vu(t) belongs to £°°([0, T]; L 2 (0; R 2 )) . 

Although the boundary displacement g(t) is continuous with respect to t, the continuous- 
time evolution that we shall obtain as limit of the discrete-time evolutions may exhibit some 
jump discontinuities of the pair (u(t),K(t)) . Given a time step 5 > 0, the approximation 
procedure considered in the introduction uses sequences (vf,Hf) with the property that, 
for every i > 1 , Hf is a solution of the minimum problem 

(3.9) mm^glK^U) : K e C(O), # D - 

and vf is the solution of the minimum problem (2.2) defining £\(gf , Hf ,vf_ 1 ) . We recall 
that gf := g(tf) , with tf := z<5. The existence of a solution to (3.9) is proved in Lemma 4.1. 
Let us consider first the discontinuities that may occur at the initial time t = . 
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Definition 3.1. Given a pair (u,K) with K e JC' m {Q) , u e H 1 (Q\K), and u = g(0) on 
do^\K , we define lZ°(u,K) as the set of all pairs (v,H) such that 

(a) HeJC rn {Q), ve^iQXH), v = g(0) on d D n\H , 

(b) there exist a sequence S n > a sequence of integers l n — ► oo ? with In^n * 0? and 
a sequence (vf,Hf) satisfying (3.9), such that 

(bi) Wq" = u and 77q" = K for every n, 

(b 2 ) H t " — > H in the H aus dor ff metric and Vw ; " — > Vv strongly in L 2 (J7;M 2 ). 

We will prove that the continuous-time evolution satisfies 

(u(0+), K(0+)) G H°{u{0), K{0)) . 

This shows in particular that (u(0+),K(0+)) = (u(0), K(0)) when 72°(u(0), K(0)) contains 
only (u(0),K(0)) (see Section 5). 

The definition of 72* (w, K) at time t > is more complex, since the approximation pro- 
cedure described in the introduction forces us to replace (bi) by a more technical condition. 

Definition 3.2. Given t e (0,T) and a pair (u,K) with K e K,' m (Q) , ue 7J 1 (fi\7X) 7 and 
u = g(t) on dn^\K , we define 72.' (u, K) as the set of all pairs (v,H) such that 

(a) 77 e }C m (U), v e ^(QXH), v = g(t) on d D n\H , 

(b) there exist a sequence 5 n — > 0+ , three sequences of integers h n , k n , l n converging 
to oo , with h n S n — ► t— , fcn<5n — ► i— , ^n<5„ — > t+ , & n — h n — ► oo , i n — fc n — ► co, and 
a sequence (vf,Hf) satisfying (3.9), such that 

(bi) /or evert/ sequence a n with h n < o n < k n we have 77*™ K in the Hausdorff 

metric and Vv£™ — > Vw strongly in L 2 (fl;M. 2 ), 
(b 2 ) 77*™ — > 77 in £/ie Hausdorff metric and Vvf™ — > strongly in L 2 (f2;R 2 ). 

We will prove that the continuous-time evolution satisfies 

(«(*+), if (t+)) e ft*(u(t-), #(*-)) . 

This gives a restriction on the possible jumps and shows in particular that (u(t),K(t)) is 
continuous at time t whenever 72*( , u(t— ), K(t— )) contains only (w(t— ), K(t— )) (see Sec- 
tion 5). 

We are now in a position to state the main result of the paper, which provides a 
continuous-time variational model for the quasi-static growth of brittle fractures. 

Theorem 3.3. Let T > 0, A > 0, m > 1 , let g e AC{[0, T]; H 1 ^)) n L°°([0, T]; L°°(Q)) , 
let g G L ([0,T];H (ft)) be its time derivative, and let Kq € /C' m (fl) . Then there exists a 
function K : [0,T] — » /C TO (0) such that, if u(t) is a solution of the minimum problem (2.1) 
corresponding to <f> = g(t) and K = K(t) , the following conditions are satisfied: 

(a) K(0) = K and K{s) C K{t) forO<s<t<T, 

(b) forO<t<T £ x (g(t),K(t),u(t))<£ x (g(t),K,u(t)) V K e /C ro (0) , K D K(t) , 

(c) /or < a < i < T - £($(*), 7f («)) < 2 / (Vu(r)| Vfl(r)) dr , 

(d) («(o+), Jf(o+)) e^°(«(0), 7f(o)), 

(e) forO<t<T (u(t+), K(t+)) e 72*(w(t-), K(t-)) , 

where K(t—) and K(t+) are defined by (3.1) and (3.2), while u(t—) and u(t+) are solutions 
of the minimum problems (2.1), with <fi = g(t) , corresponding to K = K(t—) and K = 
K(t+). 

Remark 3.4. Since t ^ Vit(t) belongs to L°°([0, T]; L 2 (fl; R 2 )) (see (3.8)) and t ^ Vg(t) 
belongs to L 1 ([0, T]:L 2 (Q; M. 2 )) , the function i (Vu(t)|V.o(i)) is intcgrable on [0,T]. 
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Remark 3.5. By Remark 3.4, condition (c) of Theorem 3.3 implies that 

(f) the function t £(g(t), K(t)) has bounded variation on [0, T], and its positive vari- 
ation is absolutely continuous on [0, T] ; 

(g) j t £(g(t),K(t)) < 2(V«(t)|Vfl(t)) for a.c. t e [0, T] . 
Conversely, (c) follows from (f) and (g). 

Proposition 3.6. Under the assumptions of Theorem 3.3, if K : [0,T] — > K, m (Q) satisfies 
(a) and (c), then 

(h) lim £(g(t),K {s) )-£ { g(t),K(t)) <Q fQraet&[QT] 

8-*t S — t 

Conversely, if 1 1— » K(t) satisfies (a) of Theorem 3.3, (f) of Remark 3.5, and 

(h limsupg (. 9 W^( g ))- g(g (t),^)) <0 /or _ feM . 

s->i- s — t 

then 1 1 — ► satisfies also (g) of Remark 3.5; therefore it satisfies condition (c) of Theo- 

rem 3.3. 

Proof. We notice that £(g(t), K(t)) — £(g(s), K(s)) can be written as 

(3.10) [£(g(t),K(t)) - £(g(t), K(s))\ + [£(g(t), K(s)) - £(g(s), K(s))\ . 

Let u(t,s) be a solution of the minimum problem (2.1) corresponding to (f> = g(i) and 
K = K{s) . Then taking u(t, s) — u(s) — g(t) + g(s) as test function in the equations satisfied 
by u(t, s) and u{s) we obtain that 

(3.11) £(g(t),K(s)) - £(g(s),K(s)) - (Vu(i, *) + Vu(s)\Vg(t) - Vg(s)) . 

Let 6 be the set of points t G (0,T) such that K(t+) = K(t-). By [8, Proposition 6.1] 
we have that [0,T]\6 is at most countable. Assume that t e 9. As K{s) — » K(t) in 
the Hausdorff metric for s — > t, by [8, Theorem 5.1] both Vu(i, s) and Vti(s) converge to 
Vu(t) strongly in L 2 (fl;R 2 ) as s — > t. We now divide (3.10) and (3.11) by t — s and pass 
to the limit as s — > t— . If (c) is satisfied, from condition (g) of Remark 3.5 we get (h) for 
all t € 8 such that 4i£(g(t), K(t)) and Vg(t) exist. Conversely, if (f) and (h') are satisfied, 
then (g) holds for all t e 6 such that j- t £(g{t), K{t)) and V g{t) exist. □ 

Remark 3.7. Condition (h') of Proposition 3.6 is equivalent to the existence of a function 
u(s, t) , defined for < s < t < T , with 

lim = o for every t e (0, T) , 

s-^t- t — S 

such that for a.e. t <E [0, T] and every s < f the energy E(u,K) defined in (1.1) satisfies 

E(u{t),K{t)) < E(u,K(s))+uj(s,t) 
for every u e i/ 1 (^\^( s )) with u = on <9 Z3 ^\i ; i'(s) . 

4. PROOF OF THE MAIN RESULT 

In this section we prove Theorem 3.3 by a time discretization process. Let us fix a solution 
uo e H 1 (fl\K ) n L°°(fl) of the minimum problem (2.1) corresponding to <j> = g(0) and 
to K = Kq. By Remark 2.6 we may assume that ||mo||oo < 11.9(0) || oo - Given 6 > 0, we 
define (uf,K-) inductively as follows: Uq := w and := ; f° r i > 1 we define iff as 
a solution of the minimum problem 

(4.1) mm {£ x {gl K, u\_ x ) : K G /C'„(H), X D , 

and uf as the solution of the minimum problem (2.2) defining £ x {gt,Kf,u 5 i _ 1 ). 
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Lemma 4.1. There exists a solution Kf of the minimum problem (4-1). Moreover 
(4-2) £x(9 S i,Kf, uU) < £x(gf, K, uU) 

for every K £ /C TO (Q) with K D Kf_ x . 

Proof. By hypothesis Kq := K a £ lC' m (Q) . Assume by induction that Kf_ 1 £ JC' m (Q) and 
uf_ 1 £ H 1 (Q\K S i _ 1 ) n L°°(f2). Consider a minimizing sequence K n of problem (4.1). We 
may assume that H 1 (i^„) is uniformly bounded. By compactness (Theorem 2.1), passing to 
a subsequence we may assume that K n converges in the Hausdorff metric to some compact 
set K* containing Kf_ l . By Theorem 2.2 we have K* £ JC rn (Q) . Let Kf be the set of 
nonisolated points of K* . Then Kf £ K,' m {tt) and K*\Kf has a finite number of points. 
Since K* D Kf_ x and Kf_ x has no isolated points, we have Kf D Kf_ x . By Theorem 2.10 
we conclude that £ x (gf , Kf .u^) = £ X (gf , K* , u\_ x ) < liminf„ £ x (gf , K n , uj^) . Since K n 
is a minimizing sequence, this proves that Kf is a solution of the minimum problem (4.1). 

To prove (4.2) it is enough to observe that if K £ K m {Q) and K D Kf_ x , the set K' of 
nonisolated points of K belongs to JC' m (Q) and contains Kf_ x (since this set has no isolated 
points). As K\K' has a finite number of points, from (4.1) we obtain £\(gf , Kf ,uf_!) < 
£ x (gf,K>,uU)=£x(9 S i,K,uU)- □ 

Remark 4.2. If M is a constant such that ||g(i)||oo <Mforeveryi £ [0,T],thcn ||«o||oo < 
M and Remark 2.7, applied inductively, gives \\uf \\oo < M for every S > and every i > 
with tf <T . By the minimality of uf we have 

||V U f|| 2 <||V.gf|| 2 + A||. 9 f- U f_ 1 || 2 , 

which shows that Vuf is bounded in L 2 (0,R 2 ) uniformly with respect to S and i. 

We define now the step functions g s (t) , K s (t) , and u s (t) on [0, T] by setting g s (t) := gf , 
K s (t) := Kf , and u s (t) := uf for tf < t < tf +1 . 

Lemma 4.3. There exists a positive function p(S) , converging to zero as S — > 0, such that 
(4-3) \\VuS\\ 2 +HHKS) + \ £ Wui-ut^f^ 

h=i+l 
t 5 

< \\Vu s l \\ 2 +'H 1 (Kf) + 2 [ : '(Vu S (r)\Vg(r))dr + p(S) 
for 0<i <j with t] <T. 

Proof. Let us fix an integer r with i < r < j . From the absolute continuity of 1 1— » g(t) we 
have 



r+l 



(4-4) # +1 -g° r = / g(r) dr , 

Jt 5 r 

where the integral is a Bochner integral for functions with values in JT 1 (S7) . This implies 
that 



t 5 

(4.5) \7g 5 r+1 - Vgf. = [ " +± Vg(i 

Jti 



l dr. 



where the integral is now a Bochner integral for functions with values in L 2 (f2;R 2 ). 
As u 5 r + g s r+1 - gf £ iJ 1 (^\^) and u s r + g s r+1 - gf = gf +1 on d D fl\K S r , we have 

(4.6) £x(g S r+1 ,Kf, 4) < \\\7u s r + \7g s r+1 - \7g 5 r \\ 2 + H\K s r ) + A \\g s r+1 - gf\\ 2 . 
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By the minimality of uf +1 and of Kf +1 (see (4.1)) we have 

(4.7) || V«* +1 || 2 + ^(-K^+i) + A - «^ || 2 = ^a^+i, ^+1, < ^A^+i, ^KT*, - 
From (4.4), (4.5), (4.6), and (4.7) we obtain 

II v«J5 +1 || 2 + WH^+i) + A - «?|| 2 < 



where 



< || + Vg s r+1 V^H 2 + H l {Kl) + A \\g* r+l g & r f < 

< \\Vu s r \\ 2 +H 1 (K?.) + 2 [ r+1 (Vu s r \Vg(r))dr + 

hi 

+ (I" 1 \\yg(r)\\dr) 2 + \(Jj +1 \\g(r)\\dr) 2 < 

< \\Vu s r \\ 2 +H 1 (K s r ) + 2 ( r+ \vu 5 {T)\Vg{T))dT + 

hi 

+ v(t)([ s r+1 l|Vfl(r)|| dr + \Jj +1 \\g(r)\\ dr) , 

a(5):=mzx [ r+1 (\\\7g(T)\\ + \\g(T)\\)dT — > 
r hi 



by the absolute continuity of the integral. Iterating now this inequality for i < r < j we get 
(4.3) with p(S) := a(6)^(\\Wg(T)\\+X\\g(r)\\)dr. □ 

Lemma 4.4. There exists a constant M , depending only on g, K , u , and X, such that 

(4.8) ||V U f|| 2 <M, H~<-i\\ 2 < M > and n\Kt)<M 

0<t s h <T 

for every S > and for every i > with tf < T . 
Proof. From the previous lemma we get 

h=i 

(4.9) <\\Vuf ) \\ 2 +n 1 (Ki) + 2 [\Vu 5 (T)\Vg(T))dr + p(6) = 

hi 

t 6 

= \\Vu \\ 2 + H\K ) + 2 f ' (Vu s (T)\Vg(T)) dr + p(8) . 
Jo 

The first inequality in (4.8) is proved in Remark 4.2. The other inequalities follow now from 
(4.9). □ 

Lemma 4.5. There exists an increasing left- continuous function K: [0,T] — > JC m (Q) such 
that, for every t G (0, T) with K(t) = K(t+), K 5 {t) converges to K(t) in the Hausdorff 
metric as S — > along a suitable sequence independent of t . 

Proof. By [8, Theorem 6.3] there exists an increasing function K: [0, T] — > JC(fl) such that, 
for every t € [0, T], K s (t) converges to K(t) in the Hausdorff metric as S — * along a 
suitable sequence independent of t. By Lemma 4.4 we have W 1 (-£T <5 (£)) < M for every 
t S [0,T], 6 > 0, and by Theorem 2.2 this implies K(t) e JC m (U) for every t e [0,T]. Let 
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K: [0,T] — > /C m (fi) be the left-continuous regularization of K(t), defined by K(0) = K(0) 
and K(t) := K(t-) for every t e (0, T] . Then if (t) is left-continuous by (3.4), and by (3.3) 
K s (t) converges to K(t) for every t G (0, T) with if(t) = A"(t+) . □ 

In the rest of this section, when we write S — ► we always refer to the sequence given by 
Lemma 4.5. Let 9 be the set of points t G (0,T) such that K(t) = K(t+). Then [O,T]\0 
is at most countable (see [8, Proposition 6.1]), and K(t n ) — > K{t) in the Hausdorff metric 
for every t G 6 and every sequence t n in [0, T] converging to i. 

Lemma 4.6. For every t G (0,T] i/iere exist two sequences of integers hg and kg such 
that kg — hg — > oo, /i^o" — > t— , kgS — » t— , K s (hgS) and K s (kgd) converge to K(t) in the 
Hausdorff metric, and 

(4.io) £ K-«till 2 -o 

h—hs 

as 5 — > 0. In particular, setting tg = hg8 , we have that u s (tg) — u s (tg — 5) — > strongly 
in L 2 (fl). 

Proof. Let Tfc — > t— be such that G O. Then K s (rk) — > K(rk) in the Hausdorff metric 
as <5 — > by Lemma 4.5. We choose a strictly decreasing sequence <5fc \ such that for 
every <5 < o"*. 

d H (K 5 (r k ),K(T k )) < i. 
For <5fe_|_i < 5 < <5fe let = . Then sg — > i— and 

rf ff (X 5 ( S5 ),if(t)) < i+d ff (K( S5 ),X(t)) for 5 fc+ i<5<J fc . 

Let aa and 65 be integers such that agS < sg — Si < (ag + 1)5 and bg = ag + [S~i][S~i] , 
where [•] denotes the integer part. By construction we have that agS — > t— and 650" — > t— . 
From the estimate in Lemma 4.4 between 65 and aa we obtain 

E K-4-if<^- 

Then we divide the above sum into [6~i] groups of [6~?] consecutive terms, and we find 
that the sum of one of these groups must be less than or equal to M/[5~ s] . Therefore there 
exist two integers hg and kg such that ag < hg < kg < bg , kg — hg = [<5~2] , and 

E IK - "till' < TTTT- 

It is then obvious that kg — hg — > 00 , and £,50" converge to t— , and (4.10) is satisfied. 
Let us fix s G 6 with s < t. Then 

X*(s) C C K 5 (k s S) c , 

being s < hgd < kg8 < sg for 6 small enough. By compactness (Theorem 2.1) we may 
assume that K 5 (h s 5) -> A"' and K 5 (k s 6) -» if" in the Hausdorff metric. Since if^s) -> 
if(s) and K s (sg) — ► -ftT(i) in the Hausdorff metric, we have 

JT(a) C if' C if" C A"(t) . 

Passing to the limit as s — > t— we get 

JT(t) = Jf(t-) C A" C if" C , 

which implies that K s (hgS) and K s (kgS) converge to K(t) in the Hausdorff metric. □ 
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Lemma 4.7. For every t <G 6 we have u s (t) — u s (t — 8) — > strongly in L 2 (£l) and 
\7u s (t) — > Vu(t) strongly in L 2 (Q;R 2 ) . Moreover there exists a solution u*(t) of problem 
(2.1) corresponding to <f> — g(t) and K = K{t) (possibly different from u(t) ) such that a 
subsequence of u s (t) (possibly depending on t) converges to u*(t) strongly in L 2 (Q). 

Proof. Let t G 9 . By Lemma 4.6 there exists a sequence ts — > t— such that K 5 (ts) — > if (i) 
in the HausdorfT metric and u s (ts) — u s (ts — 8) ^ strongly in L 2 (f2). By the same 
argument, we can also construct t' s = IgS , with integer, such that t' s — > i+, -ft' <5 (^) 
converge to K(t+) = K(t) in the HausdorfT metric, and u <5 (4) ~ w<5 (^ — (5) ^ strongly 
in L 2 (f7). 

By Remark 4.2 the sequence u 5 (i,5 — 8) is bounded in L°°(f2) , and by construction u 5 (ts) 
is the solution of the minimum problem (2.2) which defines £\(g{tg), K 5 (ts),u s (ts — 8)). 
Therefore Corollary 2.11 implies that Vu s (t s ) -> Vu(t) strongly in L 2 (fi;R 2 ). The same 
argument shows that Vu s (t' s ) — > Vu(t) strongly in L 2 (f£;R 2 ). 

Then the estimate in Lemma 4.3 between /15 and ^ gives 

\\Vu s (t 5 )\\ 2 + H\KS(t s )) + \ J2 \\<~<-A 2 < 

h=h s + l 

< \\Vu s (t s )\\ 2 + U\K s {t s )) + 2 f tS (Vu s (T)\V 9 (r))dT + p(8) . 

•It/, 

Passing now to the limit as 5 — > we get 

(4.11) E K-4-ill 2 -o. 

/l=/l,5+l 

Let is be the integer such that i$S < t < (is + 1)8. As hs < is < h , by (4.11) we obtain 
that u 6 (t) - u 5 (t -8) = uf s - uf.-i -> strongly in L 2 (fT). 

Since K s (t) — > -f£T(i) in the Hausforff metric and u 5 ^) is the solution of the minimum 
problem (2.2) which defines £\(g 5 (t), K 5 (t), u 5 (t - 8)) , from Corollary 2.11 we obtain that 
Vu s (t) — > Vu(t) strongly in L 2 (f2;R 2 ) and that there exists a solution tt*(t) of problem 
(2.1) corresponding to <f> = g(t) and K = K(t) (possibly different from u(t)) such that a 
subsequence of u s (t) (possibly depending on t) converges to u*(t) strongly in L 2 (0). □ 

We show now that the increasing left-continuous function K : [0,T] — > JC(Q) satisfies all 
conditions of Theorem 3.3. The following lemma proves condition (b). 

Lemma 4.8. For every t <G (0, T] we have 

(4.12) £ x (g(t),K(t),u(t))<£ x (g(t),K,u(t)) M K e K m (Q) , K D K(t) . 

Proof. Let us consider first the case ( e 0. By Lemma 4.7, Vu (t) — > Vu(t) strongly in 
L 2 (f2;R 2 ) and, passing to a subsequence (which may depend on t), we may assume that 
u s (t) — ► u*(t) strongly in L 2 (Q), for some solution u*(t) of the minimum problem (2.1) 
corresponding to <p = g(t) and K = K(t). Then Vu*(t) = Vu(t) a.e. on ft and u*(i) = u(t) 
a.e. on the connected components of Q\K(t) whose boundaries meet dD^t\K(t) , while on 
the other connected components u*(t) and u(t) are constant (Remark 2.6). Moreover, 
£ x (g(t),K(t),u*(t)) = £ x (g(t),K(t),u(t)) = £(g(t),K(t)). By Lemma 4.7 we have that 
u s (t - <S) -> u*(t) strongly in L 2 (Vt) , and by Remark 4.2 u 5 (t - 8) is bounded in L°°(f7) . 

Let K e /C TO (Q) with if D K(t). Since K s (t) converges to -ftT(i) in the Hausdorff metric 
as 8 — > 0, by [8, Lemma 3.5] there exists a sequence K 5 in /C m (Q) , converging to K in the 
Hausdorff metric, such that K s D K s (t) and H 1 (K S \K S (t)) -» l-0-(K\K(t)) as <5 -» 0. By 
Lemma 4.4 this implies that H}(K S ) is bounded as £ — ► 0. Let u* 5 and u be the solutions 
of the minimum problems (2.2) which define £ x (g s (t), K 5 , u s (t - 8)) and £ x (g{t),K,u*(t)), 
respectively. By Theorem 2.10 — ► Vu strongly in L 2 (Q;R 2 ). 
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The minimality of K 5 (t) expressed by (4.2) in Lemma 4.1 gives 

£x (g s (t ) , K 8 (t ) , u s (t - 5) ) < £ A (g s (t ) , K s ,u 5 (t - S) ) , 

which implies 

||Vii 5 (t)|| 2 + A \\u s (t) - u\t - 5)\\ 2 < \\\7u 5 \\ 2 + H 1 (K s \K s (t)) + A \\u 5 - u s {t - 5)\\ 2 . 

Passing now to the limit as 5 —> and using Lemma 4.7 we get ||Vu(i)|| 2 < ||Vw|| 2 + 
^(KXKit)) + \\\u- u*(t)\\ 2 . Adding ^(Kit)) to both sides we obtain 

£ x (g(t), Kit), u(t)) < £x(9(t), K, u*(t)) . 

As each connected component of tt\K is contained in a connected component of fl\K(t) , by 
Remark 2.8 we have £\(g(t), K, u*(tj) = £\(g(t), K, u(t)) . Therefore the previous inequality 
gives (4.12) for t e 6. 

Let us consider now the general case t € (0, T] , which is obtained by approximation. 
We fix t € (0, T] and a compact set K e JC m (fl) with K D K(t). Let tk — > t— , with 
t k e 6. Then Vu{t k ) -> Wu(t) strongly in L 2 (Q;R 2 ) by (3.6). Ar guing as in the proof 
of Theorem 2.10, we may assume, passing to a subsequence, that u(tk) — > u* strongly in 
L 2 (fl), for some solution u* of the minimum problem (2.1) corresponding to <fi = g(t) and 
K = K(t) . Then Vu* = Vu(t) a.e. on Q, and u* — u(t) a.e. on the connected components 
of Q\K(t) whose boundaries meet do^\K(t) , while u* and u{t) are constant on the other 
connected components. Moreover we have that £\{g{t),K{t),u*) = £\(g(t), K(t),u(t)) = 
£(g(t),K(t)). By the first part of the proof £\{g{t k ), K{t k ),u{t k )) < £x(g(t k ), K,u(t k )) ■ 
Passing now to the limit as k — > oo thanks to Theorem 2.10 we get 

£x{g(t),K(t),u{t))=£ x {g(t),K(t),u*)<limM£ x (g{t k ),K(t k ),u{t k )) < 

k — >oo 

< lim £ x (g(t k ),K,u(t k )) = £ x (g(t),K,u*) = £ x {g(t),K,u(t)) , 

k — >oo 

where the last equality follows from Remark 2.8. □ 

The following lemma proves condition (c) of Theorem 3.3. 
Lemma 4.9. For every s, t with < s < t < T 

(4.13) \\Vu(t)\\ 2 + H\K(t)) < \\\7u( s )\\ 2 + H\K{s)) + 2 f \vu(r)\Vg(r))dr . 

J s 

Proof. Let us fix s,t e with < s < t < T. Given 5 > 0, let i and j be the integers 
such that tf < s < tf +1 and tj<t< tj +1 . Let us define ss := t\ and tg := tj . Applying 
Lemma 4.3 we obtain 

(4.14) || V U 5 (t)|| 2 + H^K^t^K^sj) < \\\7u s ( S )\\ 2 + 2 f{Wu\r)\ Vg(r)) dr + p(S) , 

with p(S) converging to zero as S — > 0. By Lemma 4.7 for every t£0 we have Vu <5 (t) — > 
Vu(r) strongly in L 2 (fl,R 2 ) as 6 — > 0, and by Lemma 4.4 we have ||Vm*(t)|| < M for 
every r e [0, T] . By [8, Corollary 3.4] we get 

< liminf H 1 (K 5 (t)\K s (s)) . 
s — >o 

Passing now to the limit in (4.14) as S — > we obtain (4.13) for every s,i G 6 with 
< s < t < T. 

In the general case we consider two sequences s k — ► s— and ffc — » t— with s k ,t k e 6. 
Then K{s k ) — ► if (s) and K(t k ) — > K(t) in the Hausdorff metric, while Vm(s^) — ► Vw(s) 
and Vu(ifc) — > Vu(t) strongly in L 2 (fi;M 2 ) by (3.6). By the first part of the proof we have 
that 

(4.15) \\Vu{t k )\\ 2 +H 1 {K(t k )\K(s k )) < ||V U ( Sfc )|| 2 + 2 f ' (Vu(r)\Vg(r)) dr . 
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Passing now to the limit in (4.15) as k — > oo and using again [8, Corollary 3.4] we ob- 
tain (4.13). □ 

The following lemma proves condition (d) of Theorem 3.3. 

Lemma 4.10. We have (u(0+), K(0+)) e TZ°(u , K ) . 

Proof. By the definition of u(Q+) it follows that condition (a) in Definition 3.1 is satisfied. 
We now take (vf,Hf) := (uf,Kf). By the argument used in the proof of Lemma 4.7, we 
can construct a sequence of integers lg — > oo such that IgS — > 0+, K s (lgS) converges to 
K(0+) in the Hausdorff metric, and Wu s (lgS) — > Vu(0+) strongly in L 2 (f2;K 2 ) as J — > 0. 
This proves that (u(0+), K(0+) satisfies condition (b) in Definition 3.1. □ 

The following lemma proves condition (e) of Theorem 3.3. 

Lemma 4.11. For < t < T we have (u(t+), K(t+)) e V} (u(t), K(t)) . 

Proof. Fix < t < T . By the definition of u(t+) it follows that condition (a) in Defini- 
tion 3.2 is satisfied. We now take (vf,Hf) := (uf,Kf). Let hg and kg be the sequences 
of integers given by Lemma 4.6. Since Y^h=h s W u h ~ u h-i\\ 2 as <5 ^ 0, we have 
u s a/j — — * strongly in L 2 (i7) for every sequence o~g of integers between hg and kg. 
Since both K s (hgS) and K s (ks5) converge to if(t) in the Hausdorff metric, K s (ag5) con- 
verges to K(t) in the Hausdorff metric. Therefore Vu s (asS) — > Vu(t) strongly in L 2 (fi;K 2 ) 
by Corollary 2.11. This shows that condition (bi) in Definition 3.2 is satisfied. 

By the same argument as in the proof of Lemma 4.7, we can construct a sequence of 
integers lg — > oo such that IgS ^> t+ , lg — kg — > oo, K s (lgS) converges to K(t+) in the 
Hausdorff metric, and \7u s (lgS) — > Vu(t+) strongly in L 2 (0; K 2 ) . This shows that condition 
(b2) in Definition 3.2 is satisfied. □ 

5. Example 

In this section we consider in detail the particular case when no initial crack is present, 
i.e., Kq = 0. We prove that, if Q and g(t) are sufficiently regular, no crack will appear 
in our model, provided A is large enough. More precisely, under these conditions we prove 
that K(t) — is the unique function which satisfies conditions (a)-(e) of Theorem 3.3. 

Theorem 5.1. Assume that <90 is of class C 2 , d D Q = dQ, and g e AC([0, T]; iJ 1 (0)) n 
L oo ([0,r];C 1 ^(n))nC°([0,T];C (n)) for some < a < 1 . If K = and A is larger than 
the constant Xq given by (5.8), then K(t) = is the unique function K: [0, T] — > IC m (£l) 
which satisfies conditions (a)-(e) of Theorem 3.3. Moreover, 

(5.1) K\u(t),0) = {(u(t),0)} 

for every t G [0, T) . 

To prove Theorem 5.1 we need some estimates on the solutions of the Dirichlct problems 

| Au = f in O , 
j u = <j> on dVL , 



(5.2) 
and 
(5.3) 



j Av = X(v — w) in Q , 
I v = tp on . 

If dQ e C 1 '" and e C 1 '"^), for < a < 1, and / e L°°(0), then the solution u 
of (5.2) belongs to C 1,a (ri) (see, e.g., [10, Corollary 8.35]) and there exists a constant C, 
independent of / and <j>, such that 

(5.4) ||V«||oo<C(||/||oo + ||V^|| ,a), 
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where || • ||o, Q denotes the norm in C°' Q (il;R 2 ) and |] • |joo denotes the norm in L°°(£i) or 
in _L°°(ft;R 2 ), according to the context. 

If w £ L 2 (n) and V £ H 1 ^) n L°°(n) , then the solution v of (5.3) belongs to if 1 (ft) n 
L°°(0) and 

(5.5) N|oo< Halloo + c A HI. 

where the constant C\ depends on A, but not on w and ip (see, e.g., [10, Theorem 8.16]). 

Proof of Theorem 5.1. We begin by proving that K(t) = satisfies condition (b). Since 
every K £ /C TO (ft) can be approximated in the Hausdorff metric by a sequence of compact 
sets contained in Q, with convergence of the lenghts, taking Theorem 2.10 into account it 
is enough to prove that for every < t < T we have 

(5.6) £ x (g(t),0,u(t)) <£ x (g(t),K,u(t)) 

for every compact set K C ft . 

To this end we use the calibration constructed in [1, Section 5.3]. In that section the 
Neumann condition on <9f2 is used only to obtain that <fi x (x,t) v — for x £ 9f2, which is 
not needed in our case, where we prescribe a Dirichlet boundary condition on <90 (see [1, 
Theorem 3.3]). This calibration can be constructed provided we are able to prove inequality 
(5.12) of [1], which in our case reduces to 

(5.7) 2 7 ||V U (t)|| 4 00 <A. 
By (5.4) there exists a constant C such that 

||Vu(t)||oo<CG Q) 

where 

G a := sup ||Vfl(t)||o,a- 

t€[0,T] 

Therefore (5.7) is satisfied if 

(5.8) A> A :=2 7 C 4 Gi, 

and in this case the calibration constructed in [1, Section 5.3] proves (5.6) for every compact 
set K C f2, which implies condition (b) of Theorem 3.3. 

Let us prove now that ft°(it(O),0) = {(u(O),0)}. As 1Z°(u(O),0) ^ (see, e.g., 
Lemma 4.10), it is enough to show that n°(u(O),0) C {(u(O),0)}. 

Let (v, H) £ K°(u(0), 0) , let S n , l n , v- n , and Hf n be the sequences, the functions, and 
the sets which appear in condition (b) of Definition 3.1, and let 

(5.9) e n := sup \\g(t) - g(t - 5„)||oo • 

te[s n .T] 

As g £ C°([0, T], C°(fl)) , the sequence e n tends to 0. Starting from Wg" := u(0), we 
consider also the sequence w*" , < i < l n , of the solutions of the Dirichlet problems 

(5.10) ( ^ inn, 

\ wf" = g\ " on dfl . 

By using the calibration constructed in [1, Section 5.3], we will prove by induction on i 
that Hf n = and vf n — wf" for A > A and for n large enough. This calibration can be 
constructed provided we are able to prove inequality (5.12) of [1], which in this case reads 

(5-11) l|Vtu?"||oo(V^||tu?" -whlloo + \/2||V^|U) < l -sf\. 

To obtain (5.11) we prove by induction on i that 
(5.12) II Aw?" ||oo < Ae„. 
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This inequality is true for i = since Wq™ = u(0), which is harmonic. Assume that (5.12) 
holds for i— 1 . Then w := wf" 1 +e n is a super-solution of problem (5.10), in the sense that 

{Aw < X(w - w 5 ^) inO, 
w > gf n on dCl . 

Indeed, Aw = Aw 5 i ™ 1 < Xe n = X(w — wf^) in SI by the inductive hypothesis, while 
w = gfl 1 +e n > g\ n on d£l by (5.9). Therefore w\ n < wfZi +£ n in fi- Similarly, wfZi — £ n 
is a sub-solution of (5.10); this implies that wf n > wfz 1 — e n , which, together with the 
previous inequality gives 

(5-13) \\wf" -U^Joo <£n- 

By (5.10) we have ||Aty* n ||oo < Ae„, concluding the proof of (5.12). 
From (5.4) and (5.12) we obtain 

(5.14) ||V«;f-||oo<C(Ae n + G a ). 

By (5.13) and (5.14) for n large enough we have 

HV^Mloo^H^-twhlloc + V^IIV^Mloo)^ 

<C(\£ n + G a ){VXe n + V2C(\£ n + G a )) < ±V\, 

o 

where the last inequality follows from (5.8) and from the fact that e n — > 0. This proves 
(5.11) for n large enough. 

Therefore, using the calibration constructed in [1, Section 5.3], we can prove that (io?",0) 
is the unique minimizer of the functional 

FS(u, K) := || V U || 2 + U\K) + A \\u w^f 

among all pairs (u,K) with K e !C' m (Q), u e H^^K), u = gf n on dS^if. 

As Wq" = u(0) = w s n and i?Q™ = if(0) = 0, both (wf",iJ^) and (tuf",0) minimize 
Fq " with the same Dirichlet condition gf n , hence the uniqueness result gives vf n = wf n 
and H( n = . In the same way, by induction we prove that vf n — wf n and Hf n = for 
every i . 

By condition (b2) of Definition 3.1 we have H = and Vwf" — > Vt> strongly in 
L 2 (S1;K 2 ). As wf; - tuf^ -> strongly in L 2 (S1) by (5.13) and gf» = g{l n S n ) -» ff(0) 
strongly in i? 1 (fi) , the continuous dependence of the solutions of (5.10) on the data implies 
that wf n converges to tt(0) strongly in _ff 1 (SI) . This shows that v — u(0) and concludes 
the proof of the inclusion K°(u(Q),0) C {(u(O),0)}. 

Let us prove now that n*(u(t),0) = {(u(t),0)} for every < t < T. As ft*(u(t),0) 7^ 
(see, e.g., Lemma 4.11), it is enough to show that 72.*(u(t),0) C {(u(t),0)}. Let (v,H) e 
7J*(u(t),0) and let <5„ , ft„, fc„, Z„, u* n , and ff* n be the sequences, the functions and 
the sets which appear in condition (b) of Definition 3.2. As is isolated in the Hausdorff 
metric, by (bi) we may assume that H s k n = 0, and by the monotonicity of Hf n we deduce 

that Hf n = for < i < k n . It follows that vf n belongs to 1 (SI) and solves the Dirichlet 
problem 

( Avf n = \{v^-v^ l ) in SI, 



5 " - q s r on dfl . 



(5.15) 

for 1 < i < k n . 

In order to prove that Hf n = for k n < i < l n we apply the calibration method as in the 
case t = 0. We define w S k ™ := v s k n n and we consider the sequence wf n , k n < i < l n , defined 
inductively by the solutions of (5.10). We can construct a calibration for w^ n provided (5.11) 
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holds. As before, it is enough to show that Awf n — > in L°°(Q) as n —* oo, uniformly for 
k n < i < l n . The inductive argument used to prove (5.12) shows that 

II Aw*" || oo < max{Ae„, HAu^H^} = max{Ae„, ||Av^||oc} 

< In 

in L°°(Cl) . 



for k n < i <l n . Therefore, in order to obtain (5.11), it is enough to show that Av 5 k 



By (5.15) we have Av fe ™ = \(v k ™ — v k ™_ 1 ). To estimate \\v k ™ — v kZ-iW°° we note that 
the difference satisfies 



A(*t - ^:-i) - - - - <:~2)) * n , 

on c?Sl . 



u fe„ - v k n -i = 9 kn -9 kn -i 



(5.16) 

As 9k n n -i-9kl-2 strongly in if 1 (ft), and Vw^_ 1 - V^_ 2 -» strongly in L 2 (fl; M 2 ) 
(by condition (bi) of Definition 3.2), using the Poincare inequality we conclude that v k ™_ 1 — 
v S k " _ 2 — > strongly in L 2 (ft). 

Since g b kn — 9k" -i ^ in L°°(0), estimate (5.5) for (5.16) implies that — w fe"-i — * 
in By (5.15) this implies that Av 5 k n n -» in L°°(0). 

Therefore, arguing as in the case i = 0, we can construct now a calibration for wf n , 
which shows that Hf n = and vf n — wf n for k n < i < l n , and leads to the conclusion of 
the proof of (5.1). 

So far we have proved that K(t) — satisfies conditions (a), (b), (d), and (c) of Theo- 
rem 3.3. As £(g(t), K(s)) = £(g(t), 0) , condition (h') of Proposition 3.6 is trivial. Condition 
(f) of Remark 3.5 follows from the smooth dependence of the energy on the boundary data. 
By Proposition 3.6 conditions (f) and (h') imply condition (c) of Theorem 3.3. 

Let us prove now the uniqueness. Let K : [0,T] — > /C m (f2) be another function which 
satisfies conditions (a)-(e) of Theorem 3.3, and let u(t) be a solution of the minimum 
problem (2.1) corresponding to cfi = g(t) and K — K{t). Assume by contradiction that 
there exists an instant t e [0, T] such that K(t) ^ and let t be the infimum of such 
instants. By the finite intersection property we have K(t n +) ^ 0. We will show that 
properties (a), (d), and (e), together with (5.1), imply that K(t a +) = 0. This contradiction 
proves that K(t) = for every t E [0, T] . 

If to = 0, by properties (a) and (d), and by (5.1) we have 

(«(o+), a-(o+)) g n°(u(o), k(o)) = n°(u(o), @) = { wo), 0)} , 

hence K(0+) = 0. 

If to > 0, we have K(t) = and u(t) = u(t) for < t < to- Hence K(to~) = and 
u(to— ) = u(to— )■ By property (e) and by (5.1) we have 

(u(t +),k(t +)) e lZ t °(u(t o -),K(to-))=lZ t °(u(to-),0) = {(u(to),0)}, 

hence K(to+) = 0- This concludes the proof of the uniqueness. □ 



6. Behaviour Near the Tips 

In this section, given g e AC([0, T}; H n L°°([0, T];L°°(Q)) , we consider a func- 
tion K : [0, T] — > K. m (Q) which satisfies conditions (a)-(e) of Theorem 3.3, and study the 
behaviour of the solutions u(t) near the "tips" of the sets K(t) . Under some natural assump- 
tions on the geometry of the sets K(t) , we shall see that K(t) satisfies Griffith's criterion 
for crack growth. 

More precisely, let < t < ti < T . Suppose that the following structure condition is 
satisfied: there exists a finite family of simple arcs T i7 i — 1, ... ,p, contained in f2 and 
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parametrized by arc length by C 2 paths ji : [of, a}] — ► 0, such that, for to < t < t\ , 

(6.1) K(t)=K(t )u\jT i (a i (t)), 

»=i 

where Ti(cr) := {7»(r) : of < r < a} and : [io,£i] — * [ffjV, 1 ] are nondecreasing functions 
with <Ji(to) = of and of < <7j(i) < u\ for to < * < *i ■ Assume also that the arcs Ti are 
pairwise disjoint, and that I\ n K(to) — {7»(of)}. For i = 1, . . . ,p and cr f < a < u\ let 
Ki(u,a) be the stress intensity factor defined by (8.2) in [8] with 7 = 7* and equal to a 
sufficiently small ball centred at ji(cr) . 

We are now in a position to state the main result of this section, which expresses Griffith's 
criterion in our model. 

Theorem 6.1. Let T> 0, A > 0, m> 1, and g £ AC([0, T]; H 1 ^)) nL°°([0, T]; L°°(Q)) . 
Let K: [0,T] — » /C m (f2) 6e a function which satisfies conditions (a)-(e) of Theorem 3.3, 
and let u{t) be a solution of the minimum problem (2.1) defining £(g(t), K(t)) . Given 
< t < t\ < T , assume that (6.1) is satisfied for to < t < t\ , and that the arcs Ti and the 
functions Oi satisfy all properties considered above. Then 

(6.2) CT,(t)>0 for a.e. t £ (t ,h) , 

(6.3) I- Ki(u(t),o-i{t)) 2 >0 for every t£{t ,h), 

(6.4) {1-K i (u(t),a i {t)) 2 }& i (t)=0 for a.e. t £ (t ,ti) , 
for i = l, ... ,p. 

The proof of Theorem 6.1 is obtained by adapting the proof of Theorem 8.4 of [8]. We 
indicate here only the changes to be done. 

First of all, we need a localized version of the energies £ and £\ . If A is a bounded open 
set in M 2 with Lipschitz boundary, K is a compact set in M 2 , (/>: <9A\_ftT — > M is a bounded 
function, and w £ i 2 (A) , we define 



(6.5) £(</>, K, A) := min (/ |Vw| 2 (fe + tff^ni)), 

(6.6) £ x (<j>,K,A,w) := min (/ | Vu| 2 + U X {K n A) + A / |w-w| 2 dx), 

Dev(0,_ff,A) I J A \ K J 



where 

V(^, X, A) := {w e ^(AXK) :v = 4> on . 
Then we can prove the following result for £\ , arguing as in [8, Lemma 8.5]. 

Lemma 6.2. Let m > 1, A > 0, let H £ K, m (Q) with h connected components, let <f> £ 
H (£1) , w £ L 2 (fl), and let u be the solution of the minimum problem (2.2) which defines 
£\{4>, H, w) . Given an open subset A of ft, with Lipschitz boundary, such that H n A ^ , 
let q be the number of connected components of H which meet A . Assume that 

(6.7) £ x {4>,H,w) <£ x (<j>,K,w) VK£K, m (Q), KdH. 
Then 

(6.8) £ x (u,H,A,w)<£ x (u,K,A,w) VK £ K q+m - h (A), K D H n A. 

Proof of Theorem 6.1. We now consider in detail the changes needed in the proof of Theo- 
rem 8.4 of [8]. Inequality (8.12) must be replaced by 

(6.9) -^(uW.r^.BiX*)) >0, 

da a=cri(t) 

which can be derived, arguing as in [8], from Lemma 6.2 and from the minimality property 
(b) of Theorem 3.3. 
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On the other hand, we can show that 

^-£x(u(t),Ti(a),Bi,u(t)) = 1 - m(u(t), a t (t)) 2 

da o-=cr»(t) 

by adapting the proof of [11, Theorem 6.4.1]. This equality, together with (6.9), proves 
(6.3). 

To obtain (6.4) we continue the proof of Theorem 8.4 of [8], noting that the inequality in 
condition (h') of Proposition 3.6 is enough to conclude the proof. □ 
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